Source populations for an admixed population can possess distinct patterns of genotype and pheno-10 type at the beginning of the admixture process. Such differences are sometimes taken to serve as markers 11 of ancestry-that is, phenotypes that are initially associated with the ancestral background in one source 12 population are taken to reflect ancestry in that population. Examples exist, however, in which genotypes 13 or phenotypes initially associated with ancestry in one source population have decoupled from overall 14 admixture levels, so that they no longer serve as proxies for genetic ancestry. We develop a mechanistic 15 model for describing the joint dynamics of admixture levels and phenotype distributions in an admixed 16 population. The approach includes a quantitative-genetic model that relates a phenotype to underlying 17 loci that affect its trait value. We consider three forms of mating. First, individuals might assort in a 18 manner that is independent of the overall genetic admixture level. Second, individuals might assort by 19 a quantitative phenotype that is initially correlated with the genetic admixture level. Third, individuals 20 might assort by the genetic admixture level itself. Under the model, we explore the relationship between 21 genetic admixture level and phenotype over time, studying the effect on this relationship of the genetic 22 architecture of the phenotype. We find that the decoupling of genetic ancestry and phenotype can occur 23 surprisingly quickly, especially if the phenotype is driven by a small number of loci. We also find that 24 positive assortative mating attenuates the process of dissociation in relation to a scenario in which mating 25 is random with respect to genetic admixture and with respect to phenotype. The mechanistic framework 26 suggests that in an admixed population, a trait that initially differed between source populations might 27 be a reliable proxy for ancestry for only a short time, especially if the trait is determined by relatively 28 few loci. The results are potentially relevant in admixed human populations, in which phenotypes that 29 have a perceived correlation with ancestry might have social significance as ancestry markers, despite 30 declining correlations with ancestry over time.
To model a phenotype, we adopt the quantitative trait model of Edge and Rosenberg [21, 22] . We assume each individual is diploid and that k biallelic autosomal loci, each with the same effect size, additively determine the value of a quantitative trait. At each trait locus, we denote the allelic type more prevalent in population S 1 than in population S 2 as allelic type "1", and the other allelic type as "0". The choice is arbitrary in case the allele frequency is the same in the two populations. A diploid individual's genotype at locus i, i ∈ {1, 2, . . . , k}, and allele j, j ∈ {1, 2}, is represented by a random indicator variable L ij :
1 if the allele has type "1" 0 if the allele has type "0".
Let M be a random variable representing an individual's population membership, considering individuals only from the source populations S 1 and S 2 , and define allele frequencies for allelic type "1" at each locus given the population membership:
Here, j can be either 1 or 2. Because we define allelic type "1" to be more common in population S 1 than 121 in population S 2 , 0 ≤ q i ≤ p i ≤ 1.
122
An individual's trait value is determined by a sum of contributions across loci. At each locus, we denote an allele that increases the trait value by "+" and the other allele by "−". The total quantitative trait value T of an individual given a multilocus genotype is an individual's total number of "+" alleles. Whether the "1" allelic type or "0" type is the "+" allele at locus i is determined by a random variable X i , following Edge and Rosenberg [21, 22] :
1 if allelic type "1" is "+" allele at locus i 0 if allelic type "0" is "+" allele at locus i.
For a given set of values {X 1 , X 2 , · · · , X k } for k quantitative trait loci, the total trait value for a diploid 123 individual is equal to the total number of "+" alleles carried by the individuals, or:
This quantity takes values in {0, 1, . . . , 2k}. An example of the quantitative trait model appears in Figure 3 . and T (j),m g . We construct an N × N 143 mating probability matrix M , whose entry m ij represents the probability that a female i and a male j mate: 
(2)
In the absence of selection, every individual in the population must have the same expected number 145 of offspring irrespective of ancestry or phenotype. We assume that the expected number of offspring of an 146 individual is proportional to the expected number of matings of the individual. This quantity is the sum of 147 mating probabilities across all mates available for an individual. Therefore, the equal-offspring requirement 148 translates into an assumption of equal row sums for females and equal column sums for males in the mating 149 matrix in Eq. 2. Note that this assumption of equal numbers of offspring independent of ancestry and 150 phenotype accords with a standard property of assortative mating models that assortative mating on its own 151 does not alter allele frequencies over time [23] [24] [25] [26] [27] [28] . 152 The mating probability m ij in Eq. 2 between female i and male j can be expressed as:
where ψ is a function that quantifies the dependence of the mating probability m ij on the ancestry and 154 trait values of the individuals in a pair, and α ij is a normalization constant specific to the mating pair (i, j).
155
The constant α ij is included in order to permit the matrix entries to satisfy the constant row and column 156 sum constraints. Without loss of generality, we choose the constant row and column sums to be 1 so that
In assortative mating by phenotype, the mating probability depends only on the trait values of po-170 tential mates and not on the ancestries: ψ(H
). The qualitative requirements for the function ψ are the same as with assortative mating 172 by ancestry, but with the trait values of the mating pair as arguments instead of the ancestries.
173
We adopt the following form for the mating function:
.
(4)
The finite constant c quantifies the strength of the assortative mating. For a given pair of values (X
where X g = H A,g or X g = T g , a larger c value results in a lower mating probability, which gives stronger 176 positive assortative mating compared with a smaller c value. For a positive value of c, the function takes a 177 value of 1 if two potential mates have the same ancestry level (or phenotype), and ψ decreases exponentially 178 as the difference between the two individuals increases. A negative value of c indicates negative assortative 179 mating, where two individuals with different ancestry (or phenotype) have a higher probability of mating 180 than do two individuals with similar ancestry. We focus on positive assortative mating.
181
At each generation g, the admixture fraction H A,g takes values in {0, 1/2 g , 2/2 g , . . . , (2 g − 1)/2 g , 1}
182
( 197 Infinitely many matrices satisfy the constraints, as the set of 2N equations with N 2 variables is underde-198 termined. We choose the matrix M by identifying the matrix that satisfies the set of constraints and that is 199 closest to our model matrix M according to the principle of minimum discrimination information (pp. 36-43 200 in [29]). Here, the "closeness" of a pair of matrices is measured by the Kullback-Leibler divergence D KL 201 (pp. 1-11 in [29] ), which is nonnegative and is equal to zero if and only if the two matrices are identical.
202
The problem of identifying M can be formally written as a convex optimization problem. The objective 203 function that we seek to minimize is
and we have constraints N j=1 m ij = 1 for each i from 1 to N,
We use the interior-point method [30, 31] , which iteratively traverses within the feasible region to obtain the optimal solution numerically, as implemented in mosek function of R package Rmosek [32]. For fixed M , the Hessian of the KL divergence has
where δ is the Kronecker delta. Because ∇ 2 D KL > 0 for all m ij ∈ (0, 1), the KL divergence function is To interpret our simulations of admixture dynamics, we will need a series of results concerning the mean and 209 variance of the admixture fraction in the admixed population. In particular, we derive a relationship between 210 the variance of the admixture fraction and the correlation in admixture levels for members of mating pairs. 
For the expectation of admixture in the parental pool, we have
As a consequence of Eq. 9, we also have
Var
Here, µ g = E[H A,g ] indicates the expectation of the admixture fraction of a random individual in the 222 admixed population H g at generation g ≥ 1.
223
The ancestry of an offspring individual is deterministically set to the mean of the admixture fractions of 224 the parents. This choice gives:
We obtain the recursion for the variance of the admixture fraction over a single generation as follows:
where r H A ,g = Cor[H f,p A,g , H m,p A,g ] denotes the correlation of the admixture fractions in a mating pair. The 226 last step is obtained from Eqs. 9-12. As we will see, the time-varying r H A ,g value in general depends on the 227 parameters of the population model, the quantitative trait model, and the mating model.
228
For a special case of a single admixture event in which source populations S 1 and S 2 do not contribute 229 to the admixed population after its founding (s 1,g = s 2,g = 0 and h g = 1 for all g ≥ 1), the expectation of
Under random mating in an infinite population with no ongoing contributions from the source populations, then randomly generated on the basis of pre-specified allele frequencies p i and q i . 246 We consider two different distributions for the p i and q i . First, we assume that the two source populations 247 display fixed differences at all trait loci, so p i = 1 and q i = 0 for all k loci. In this case, every individual in 248 population S 1 has the "1" allele at all trait loci, and every individual in population S 2 has the "0" allele at 249 all trait loci. In subsequent generations, allele "1" can be traced back to population S 1 , and allele "0" to S 2 250 ( Figure 1 ). This choice for the p i and q i models a case in which trait-influencing alleles are initially entirely 251 predictive of ancestry and vice versa.
252
Second, departing from the idealized model, we simulate sets of k allele frequency pairs (p i , q i ), i ∈ 253 {1, . . . , k} following Edge and Rosenberg [22] . Allele frequencies π i for derived alleles in the "ancestral" 254 population of S 1 and S 2 are drawn based on the neutral site frequency spectrum:
where N a indicates the size of the ancestral population (Eq. B6.6.1 in [34]). We use 2N a = 20, 000. We 256 assume each locus i in S 1 and S 2 undergoes independent genetic drift following a split. We add random 257 numbers i,1 and i,2 drawn from a Normal(0, γπ i (1 − π i )) distribution to π i to simulate derived allele 258 frequencies at locus i in populations S 1 and S 2 , respectively. The parameter γ represents the amount of 259 variance introduced by drift into the allele frequencies of the divergent populations. Following Edge and 260 Rosenberg [22], we choose γ = 0.3 so that the overall degree of genetic differentiation between S 1 and S 2 261 at a group of simulated loci approximates worldwide human F ST estimates. If i,1 ≥ i,2 , then we assign 262 p i = π i + i,1 and q i = π i + i,2 . If i,1 < i,2 , then we assign p i = 1 − (π i + i,1 ) and q i = 1 − (π i + i,2 ). Note 263 that if this procedure produces p i > 1 or q i < 0, then we assign p i = 1 and q i = 0 so that 0 ≤ q i ≤ p i ≤ 1.
264
Using the mating function in Eq. 4, we compute an unnormalized mating matrix for every pair containing
where to the source population sizes (N a ). For each set of parameters, (k, p 1 , p 2 , . . . , p k , q 1 , q 2 , . . . , q k , X 1 , X 2 , . . . , X k , 284 c, s 1,0 , s 1,g , s 2,g ), we propagated the population to G = 40 generations. We generated 100 independent tra-285 jectories for each parameter set. For each trajectory, we computed statistics of interest, averaging them over 286 all 100 trajectories in the simulation given the fixed set of parameters. We start with an idealized base case. First, we specify the parameters involving the population model 289 (Section 2.1). We assume an equal influx from each source population at founding g = 0: s 1,0 = 0.5, 290 s 2,0 = 1 − s 1,0 = 0.5. We also assume no additional contributions from the source populations in the 291 subsequent generations, s 1,g = s 2,g = 0, and h g = 1 − s 1,g − s 2,g = 1 for all g ≥ 1.
292
Next, we choose parameter values for the quantitative trait model (Section 2.2). We consider k = 10 293 trait loci. Across the k loci, all "1" alleles come from source population S 1 and all "0" alleles come from S 2 : 294 p i = 1 and q i = 0 for all i = 1, 2, . . . , k. For each locus i contributing to the quantitative trait, we define "1" 295 to be the "+" allele and "0" to be the "−" allele: X i = 1 for all i = 1, 2, . . . , k.
296
Finally, for the mating model (Section 2.3), we set the assortative mating strength c in Eq. 4 to 0.5. of the admixture fractions of members of mating pairs. Figure S2 shows this correlation coefficient for the 342 simulations of Figure 4 , and Figure S3 shows the analogous correlation Cor[T f g , T m g ] of trait values.
343 Figure 5E then shows the variance of the admixture fraction over time under the three mating models, 344 for the same simulations from Figure 4E with the base case parameters. The Var[H A ] curves in Figure 5E 345 under the three mating models follow Eq. 13, using the time-varying r H A ,g in Figure S2 . Figure S1 ). Hence, Var[H A ] is larger under assortative mating by admixture fraction ( Figure 5E) Figure 1 : A schematic of an admixture process with positive assortative mating by a phenotype initially correlated with admixture levels. In generation 0, an admixture process begins with females from one population (source 1, left) and males from another (source 2, right). For a quantitative phenotype, source population 1 begins with a high trait value of 6 and source population 2 has a low trait value of 0. Three loci contribute additively to the genetic architecture of the phenotype; each allele derived from source population 1 contributes a value of 1 to the phenotype. The phenotype is represented by the shading of a box. Individuals are depicted as pairs of chromosomes with the ancestral sources of those chromosomes; short vertical lines along the chromosome indicate the three loci that contribute to the phenotype. After generation 1, positive assortative mating by phenotype proceeds in the admixed population. Lines connecting generations are displayed in four colors, representing four mating pairs. Initially, in generation 2, a strong correlation exists between admixture and phenotype (r = 0.96). By generation 4, however, owing to recombination events that stochastically dissociate the trait loci from the overall genetic admixture, the genetic admixture has been decoupled from the phenotype, so that some of the individuals with the highest trait values have among the lowest admixture coefficients for source population 1, and the correlation between phenotype and overall genetic admixture has dissipated (r = −0.09). mating h g s 1,g s 2,g mating Figure 2 : A schematic diagram of the admixture process. At the founding of the population (g = 0), two isolated source populations produce the first generation of a admixed population (H 1 ). In the subsequent generations (g ≥ 1), populations from S 1 , S 2 , and H g constitute a parental pool H par g at generation g from which the admixed population H g+1 at generation g + 1 is produced. Fractional contributions from three populations in forming the parental pool are s 1,g , s 2,g , and h g , respectively. Individuals in the parental pool mate based on mating models described in Section 2.3. 
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